We obtain a generalization of adjoint functors and triples by axiomatizing the behavior of Albanese varieties, obtain a few basic properties, and show that abelian varieties form a generalized type of triplable category over complete abstract varieties.
maps g: VA-^B and cEEB such that f = cU(g)aA. Furthermore, if h:Bi-+B2 and cEEBi then E(h)(c)oU(h) = U(h)oc. We will often write A* or even (7(A)* for E(h). EB will be called the group of translations of B.
Note first that V becomes a functor in the usual way. Let/: A -*B, g'.B^C be maps of ß; then V(f) is the unique map in (B such that aBf = cUV(f)aA for some cEEVB. We will denote this c by c(f).
Clearly V(lA) =1va-Also cccg = c(g) UV(g)aB and we have <*cgf = c(g)UV(g)aBf = c(g)UV(g)c(f)UV(f)aA = c(g)(V(g))*(c(f))U(V(g)V(f))aA whence V(gf) = V(g) V(f) and Fis a functor. Thena:la->UV=F is a seminatural transformation, that is, for each f:A-*B there is a unique c(f) EE VB such that aBf = c(f) F(f)aA. We have also the result that c(gf)=c(g)V(gU(f).
We obtain a back adjunction ß: VU-*l® in the usual way; if J3£0bj (B then ßB: VTJB^rB and dBEEB are the unique maps such that dBU(ßB)aUB = luB. Thus U(ßB)aUB=dB~1EEB. Now suppose that f'A-*UB; the unique maps g:VA-*B and cEEB such that f = cU(g)aA are given by the formulas g=ßBV(f) and c = dB(ßB)*c(f), since
In contrast to a, ß is a true natural transformation: if g:B-*C in (&, gßs =ßcVU(g). To see this, we observe that
from which we get U(g) = g*(dB)U(gßB)aUB and U(g) = dc(ßc)*c(Ug)U(ßcVU(g))aUB whence ßcVU(g) =gßB; also, g*(dB) =dco (ßc)*c(Ug). Furthermore, ß acts almost like an ordinary back adjunction.
If g: VA-*B, there is at least one mapj:^4-»Í723 such that ßBV(j) =g, namely j-U(g)aA. To see this, note that ßBV(j) =zßBVU(g) V(aA) =gßvAV(aA), so we need only show that ßvA V(aA) = lVA. But
so aA = (ßVA)*(c(aA))dvAU(ßvAV(aA))aA and this implies that ßVA V(aA) = \VA and also that <2y] = (ßvA)*c(aA).
Further miscellaneous consequences of the definitions which we shall need are: first, iícEE VUB then = (cAg, cBh) so cA = 1A, cB = lB. Only the remaining condition requires our hypothesis on G(pA), namely that (cAXcB)p=pc(cAXcB). For this, we have pA(cAXcB) =pA(ÇXÇ)(c(cA) Xc(cB))(FpA, FpB) = £c(cA)F(pA)=£F(pA)c(cAXcB)=pApc (cAXcB) and similarly for pB. Hence (A XB, p) is an object of ß9 and that it serves as the product follows as in the case of triples. H 3. Abelian groups in categories. The standard example of a semiadjoint situation (see [l] ) has ß= category of abstract varieties and everywhere-defined rational maps, 03= category of Abelian varieties, UB = the underlying variety of B, EB = the underlying group of B, VA =the Albanese variety of A. We will use for ß instead the category of complete varieties and approach axiomatically the question of whether 03i=ß9.
Thus, let ß be a category with finite products and a terminal object T, and let 63 be the category of abelian group structures on the objects of ß. Suppose ¿7:63-*ß has a left semiadjoint V and let 0 be the induced quintuple. We will write tA:A-+T and eB:T-*B for the unique maps .The obvious functor 03->ß9 is faithful; we will show it is full and representative. Let (A, £) be any 0-algebra. This is equivalent to £c(£) =£F(dA)c(£) which is true since £ =£F(dA). B Proposition 3. 63 is equivalent to ß9; in particular, the category of abelian varieties is "quintuplable" over the category of complete abstract varieties.
Proof. First we show that there is an abelian group structure on A making %:FA-*A a homomorphism.
Clearly since £ is a retraction there is at most one such structure. Write mFA'.FA XFA^FA for the multiplication, i¡rA:A-*A for the inverse and epA\T^>FA for the identity. Define mA=^mFA(aAdAXaAdA), iA=e,ÍFAotAdA, eA=£eFA.
The verifications of the group laws on A, of the fact that £ is a homomorphism, and that any homomorphism /: (A, l-)-*(B, f) is a homomorphism on the induced group structures are all variations of the same technique, so we will prove only the identity mA(ÍAAA) = eAtA. Recall that mFA is a homomorphism.
Then : where k = (F(aAdA))*c(Ç)apAc(dA) and c = (FdA)*(c(^))dv\c(dA), and we have applied the lemma. Now £ is epic since it is a retraction, so we get mA(iA,\A) =eAtA as required. H
